Magic states can be used as a resource to circumvent the restrictions due to stabilizer-preserving operations, and magic-state conversion has been studied only in the asymptotic regime thus far. Here we solve the question of whether a stabilizer-preserving quantum operation exists that can convert between two given magic states in the single-shot regime. We first phrase this question as a feasibility problem for a semi-definite program (SDP), which provides a procedure for constructing a free channel if it exists. Then we employ a variant of Farkas Lemma to derive necessary and sufficient conditions for existence, and this method is used to construct a complete set of magic monotones.
I. INTRODUCTION
Magic states have interesting applications in disparate areas of quantum physics from foundations of quantum mechanics to quantum computation.
According to Gottesman-Knill's theorem [1] [2] [3] , if we restrict the allowed set of states and operations to stabilizer states and operations, then the dynamics and measurements of quantum states can be simulated efficiently on a classical computer. However, it is well-known that universal quantum computing can be achieved by addition of magic states [4, 5] . In circuit synthesis [5] , the set of Clifford unitaries is supplemented with the T -gate in order to achieve universal quantum computation. There, it is favorable to reduce the number of T -gates as much as possible, since to implement a T -gate, magic states need to be consumed as a resource. Moreover, recently an interesting connection between contextuality and the resource theory of magic has been pointed out [6] [7] [8] [9] . In particular, it was established that quantum contextuality is a resource for quantum speed-up within one of the most successful models for fault-tolerant quantum computation [10] , namely the magic state distillation model. ideally interested in answering the single-shot question: Given two resource states ρ and ρ , is there a free operation that will convert ρ to ρ ? In a recent attempt to answer this question, the necessary and sufficient conditions for the possibility of converting a resource state into another resource state has been obtained for a large class of quantum resource theories coined as affine resource theories [12] . Resource theories of coherence [13] [14] [15] [16] [17] [18] , asymmetry [19] [20] [21] [22] [23] [24] , athermality [25] [26] [27] [28] [29] [30] [31] are examples of affine resource theories, whereas the resource theories of entanglement and magic states [5, 10, 11] are not affine [12] .
In this paper, we study the single-shot conversion of magic states using free operations. We find the set of free operations in [11] too restrictive and we extend it to include all the completely positive trace preserving (CPTP) maps that convert stabilizer states into stabilizer states, i.e., stabilizer-preserving operations (SPOs). SPOs form the largest possible set of physical operations that can be considered free. We have numerical evidence that this set is strictly larger than the set of stabilizer operations as defined in [11] . Furthermore, we construct a complete set of magic monotones based on the conditional min-entropy [32] . Our set of magic monotones is complete in the sense that a magic state can be converted into another magic state by an SPO if and only if the value of all the monotones does not increase in the process. This paper is structured as follows: In section II, we define the set of free states, i.e., stabilizer states. In section III, we characterize the set of SPOs. In section IV, we construct a family of magic monotones which quantify the usefulness of magic states. In section V A, we formulate the necessary and sufficient conditions for single-shot conversion of a magic state to another using arXiv:1706.03828v1 [quant-ph] 12 Jun 2017 a free operation as a SDP. In section V B, we prove that our set of magic monotones is complete.
Throughout this paper, d denotes the dimension of the Hilbert space. H is the set of d × d Hermitian matrices and D is the set of d × d density matrices. When a quantum channel is considered, we use no-prime notation for the input of the channel and prime notations for the output (for example, F denotes the set of free input states in dimension d while F denotes the set of free output states in dimension d ). Greek letters are used for density matrices. Capital letters such as X, Y and Z are used for generic Hermitian matrices, with an added tilda if they are traceless.
II. FREE STATES
The free states in our resource theory are defined to be stabilizer states. These consist of all pure stabilizer states, which are eigenstates of the generalized Pauli operators, and their convex mixtures. We use the term magic (or non-stabilizer) states to refer to states that are not stabilizer states. We only consider cases where the Hilbert space dimension d is a prime number. We devote a separate analysis for d = 2 to provide intuition via the visualization of the free states in the Bloch sphere.
A. Qubit case
In the Hilbert space of dimension d = 2, there are 6 pure stabilizer states, namely the set of eigenstates of Pauli operators {|0 , |1 , |+ , |− , |i , |−i }. In the Bloch representation, these states correspond to 3 pairs of antipodal points along the 3 principle axes. The full set of free qubit states F is the convex hull of these extreme points, which is an octahedron embedded in the Bloch sphere. This octahedron consists of 4 pairs of parallel facets, so a point lies inside the octahedron if and only if it is confined to the space between any pair of parallel planes containing the facets. These planes are described by the equations ±x ± y ± z = 1. Therefore, a state with the Bloch vector (x, y, z) is a free state if and only if the following inequalities hold:
The inequalities above characterize free qubit states in terms of their Bloch coordinates. However, as it will be more natural for the later consideration of quantum channels, we would like to have an alternative characterization in the space of Hermitian operators. This can be done by noticing that the facets of the octahedron can be divided into 2 groups, each containing 4 facets that extend to a regular tetrahedron. The octahedron can then be described as the intersection of these 2 regular tetrahedra as shown in Figure 1 .
The 8 vertices of the 2 tetrahedra have Bloch coordinates (±1, ±1, ±1). Let A i (for i = 1, . . . , 4) denote the unit-trace Hermitian operators corresponding to the vertices of one tetrahedron (and similarly A i for the other). It is straightforward to check that
The same properties hold for A i . Therefore, {A i } and {A i } form two orthogonal (but not normalized) bases for the space of qubit Hermitian operators. Any unit-trace Hermitian operator H can therefore be written as
where the real coefficients α i and α i are determined by Note that the number of inequalities in (5) is the same as that in (1), but here we can directly characterize the set of free states F using the Hilbert-Schmidt inner product in the space of operators. It is also worth noting that {α i } and {α i } are sets of values for the Wigner functions associated with the phase-point operators {A i } and {A i }.
B. Qudit case
Next, we define and characterize free states for the case of a single qudit of dimension d, where d is an odd prime number. Following the same procedure for the qubit case, we will start with the definition of pure stabilizer states, and then take the convex hull to obtain the set of all free states F. Similar to the qubit case, we can characterize F by the simultaneous positivity of a finite number of Wigner functions, as shown below.
Pure stabilizer states can be obtained by applying Clifford unitaries to state |0 [11] . In prime dimensions, they form a complete set of Mutually Unbiased Bases (MUBs) [33] . In other words, they can be grouped into d − 1 orthonormal bases so that states from different bases all have the same overlap. If we denote the density operators of these states by Π b,v , where b ∈ {1, . . . , d + 1} labels the basis and v ∈ {0, . . . , d − 1} labels the basis vector, then they form a complete set of MUBs if and only if they are rank-1 projectors that satisfy
The set of all free (stabilizer) states is then defined as
The standard discrete Wigner function of a quantum state ρ ∈ D is a quasi-probability distribution over the discrete phase space
where
A p,q are usually referred to as phase-point operators. For odd prime dimensions d, they are defined as
and the shift operator S and phase operator P are defined by their actions on the standard basis as
The discrete Hudson's theorem proves that a pure state is a stabilizer state if and only if its standard Wigner function is non-negative for all (p, q)
. This is not true for mixed states: there are mixed states with non-negative standard Wigner function that are not stabilizer states (i.e. not in F). However, if we consider a larger family of d d−1 Wigner functions, it was conjectured [35] and later proved [36] that F is characterized by the simultaneous non-negativity of these Wigner functions. For the purpose of characterizing F, we do not need to go into the details of how to define them, and will instead only specify their associated d d+1 generalized phase-point operators.
There are d d+1 such generalized phase-point operators. It is straightforward to check from their definition that tr(A v ) = 1. Using the properties of MUB projectors in (6) , one can show that tr(A v A u ) = d if and only if v and u agree at exactly one component. One can group these operators into d d−1 groups of size d 2 in such a way that for any A v and A u in the same group, v and u agree at exactly one component, thus forming d d−1 Wigner functions (this is a non-trivial combinatoric problem, see section 4 in [37] ). Here, we focus on the fact that these operators are stabilizer witnesses and we can use them to characterize F: a density operator ρ is a free state if and only if
A geometric interpretation of the inequalities in (13) is that F is a polytope with d d+1 facets in the space of Hermitian operators.
III. FREE OPERATIONS
In magic-state distillation protocols, one asks whether there exists a procedure which can transform any mixed magic state to a more pure one while solely employing free operations. In [11] , stabilizer protocols and magic monotones such as sum negativity, mana and relative entropy of magic were defined to answer this question quantitatively. In this section, for comparison purposes, we first recall the definition of stabilizer protocols and then present our definition of free operations (SPOs).
A stabilizer protocol may consist of the following types of quantum operations: Clifford unitaries, composition with stabilizer states, partial trace, measurements in the computational basis, post-processing conditioned on measurement results and classical randomness. Using the Stinespring dilation theorem, any quantum protocol composed of these quantum operations can be written as
where U is a Clifford unitary 1 and the ancilla ρ E is a free state, i.e., a pure or mixed stabilizer state. Note that for a given dimension of the ancillary system there are finite number of Clifford unitaries which means that the number of stabilizer protocols (14) is also finite.
In our definition of SPOs as free operations, we do not put any operational restriction on U and ρ E but instead only require that free operations do not generate resources. Specifically, we define SPOs as linear maps that satisfy the following conditions: We would like to point out that in the resource theory framework the set of SPOs as defined above is the maximal set of resource non-generating operations. Therefore, it includes the stabilizer protocols. In fact, we have numerically checked that the set of SPOs strictly contains the set of stabilizer protocols, as described in the appendix.
We write the above conditions (1-3) in the Choi representation which later enables us to phrase our problem as a SDP. The Choi matrix J corresponding to the quantum channel E : H → H is given as J = E ⊗ I(|φ
|ii which is the state vector of the maximally entangled state up to a normalization, and J is a positive semi-definite matrix in H ⊗ H . Note that the TP condition can be phrased in terms of the Choi matrix as tr B (J) = I which is equivalent to tr (J(I ⊗ X)) = tr(X) for all X ∈ H. Finally, the Choi matrix of a free operation E ∈ O f must satisfy the conditions
Note that to write the third condition, given in Eq. (17), we have used the fact that, if a CPTP map takes the extreme points of the stabilizer polytope to a free state, it will also take any convex combination of them to a free state. Hence, it is sufficient to demand that the quantum channel takes all the elements of the set of MUB projectors {Π a,u } to a free state.
IV. QUANTIFYING MAGIC
Monotones are used to quantify the resourcefulness of resource states. By definition, they are real-valued functions that are non-increasing under the action of free operations. In other words, for f to be a monotone, it has to satisfy f (ρ) f (E(ρ)) for all states ρ and free operations E. In this section, we construct a family of magic monotones to quantify magic states and prove that they are indeed non-increasing under SPO.
Definition: For any non-zero X ∈ H
A ⊗ H B , X 0, we define q(X) as
Note that q(X) is positive and closely related to the conditional min-entropy by q(X) = 2 −Hmin(A|B) X [32] .
Given a density matrix σ ∈ D , a real number t 0 and probabilities p v,a,u , we define the density matrix Ω ρ as a function of input state ρ ∈ D:
where N := 1/(td + t + 1) is the normalization factor and the sum is over all v ∈ Z where c σ,t := min pv,a,u q(Ω I/d ).
Note that Ω ρ depends on σ, t and probabilities p v,a,u , but M σ,t only depends on parameters σ and t because of the minimization over p v,a,u . The constant c σ,t is used to offset the value of M σ,t to zero on stabilizer states.
Theorem 1: For all σ ∈ D and t 0, M σ,t (ρ) are magic monotones. That is, if ρ = E(ρ) for a stabilizerpreserving quantum channel E, then
Proof: We first recall a fact about the conditional minentropy that for a channel E, q(X) q(Λ(X)), where Λ := I ⊗ T • E • T and T is the transposition map [12] . Also, note that because E is a stabilizer-preserving channel,
for some probabilities p a,u . Denoting the set of probabilities that minimize the function q (Ω ρ ) byp v,a,u , we then have where N := 1/(td + t + 1). The first inequality follows from q(X) q(Λ(X)),p v,a,u are probabilities derived fromp v,a,u and p a,u , and the second inequality follows from the definition of M σ,t . Remark 1. Our monotones are also monotones under the set of operations considered in [11] , since it is a strict subset of our set of SPO.
Remark 2. It is worth pointing out that the double minimization in the definition of M σ,t can be computed in whole as an SDP. As the number of probabilities p v,a,u grows as
, in high dimensions it is not practical to compute M σ,t . The computation can be easily carried out in low dimensions, as described in the following numerical example.
Example (qubit case):
Here we consider the case d = d = 2. Computing M σ,t involves a minimization over 48 real parameters and a 2 × 2 Hermitian matrix. We used CVX in Matlab to evaluate M σ,t (ρ) numerically at various input states ρ, for several values of parameters σ and t.
With σ fixed at |0 0|, for t = 0 we get the trivial zero monotone. For t = 1 the monotone is faithful, meaning that M σ,t (ρ) = 0 if and only if ρ is a stabilizer state (see Figure 2 ). For 0 t < 1 or t > 1, the monotone is not faithful: there are magic states ρ at which M σ,t (ρ) = 0 (see Figure 3) . For some other choices of σ, we observed that the monotone became faithful at some particular value of t that depends on σ.
V. MANIPULATING MAGIC STATES
Resource state manipulation, i.e., using free operations to convert one resource state to another, is among the most fundamental aspects in studying a quantum resource theory. Here we consider exact manipulation in the single-shot regime, that is, exact conversion of a single copy of one state to that of another by an SPO. We first formulate the conversion question as a semi-definite program and use Farkas' lemma to derive necessary and sufficient conditions for conversion. We then show that the monotones constructed in the previous section can alternatively be used to determine convertibility.
A. An SDP formulation
The characterization of free operations in (15)- (17) is readily in an SDP form. The only missing ingredient is the condition for a quantum channel E to convert state ρ to state ρ . We begin this section by expressing the state conversion statement E(ρ) = ρ in the Choi matrix representation as tr B J I ⊗ ρ T = ρ . After transforming the partial-trace to a full trace we get
Following [12] , we can phrase the existence question of a stabilizer-preserving channel E converting density matrices ρ to ρ as the existence question of a non-zero matrix J ∈ H ⊗ H that satisfies the conditions:
for all traceless matricesX andỸ ,
, u ∈ Z d and a = 1, . . . , d + 1. Conditions (25) on the Choi matrix J correspond to the conditions for E to be completelypositive, trace-preserving, stabilizer-preserving, and converting ρ to ρ . To turn the existence question into necessary and sufficient conditions that are verifiable, we make use of the following lemma.
Lemma 1:
Let V be a subspace of H and let W 1 , . . . , W m be matrices in H. The following are equivalent.
1. There exists a non-zero positive semidefinite matrix J such that tr(JV ) = 0 for all V ∈ V tr(JW i ) 0 for all i = 1, . . . , m.
2. For all V ∈ V and non-negative numbers y 1 , . . . , y m
This lemma is a variant of Farkas' Lemma and its proof is based on the separating hyperplane theorem [38] . Applying this lemma to conditions (25a)-(25d), with V being the subspace spanned by I ⊗X andỸ ⊗ρ T − tr(Ỹ ρ ) d I ⊗I, and W i being A v ⊗ Π T a,u , we obtain the following equivalent conditions:
(28) for all tracelessX ∈ H, tracelessỸ ∈ H , and y v,a,u 0.
To summarize, we have casted the state conversion question in the form of a SDP feasibility problem (25a)-(25d) and alternatively provided a set of necessary and sufficient conditions. The SDP form is more useful for practical purposes. It is also constructive: when the conversion is possible it can help find an SPO that does the job. The necessary and sufficient conditions in (28) consist of infinitely many conditions. On the other hand, they provide the analytical base for the proof of the completeness of our magic monotones in the next section.
Remark 3. Using CVX in Matlab, we found numerical examples of qubit-to-qubit and qutrit-to-qutrit SPOs that can increase the Wigner sum negativity (a monotone for stabilizer protocols studied in [11] ), thus confirming that the set of SPOs is strictly larger than the previously studied set of stabilizer protocols. See the appendix for specific examples.
B. Completeness of monotones
An alternative way of checking if a resource can be converted to another by a free operation is to use a complete set of monotones. In this section, we show that our set of magic monotones, M σ,t (ρ) defined in (20) , is complete in the sense that a resource state can be converted to another using a stabilizer-preserving operation if and only if it is more resourceful with respect to every monotone. We begin with the lemma below, which we then use to prove the completeness of magic monotones as stated in Theorem 2.
Lemma 2: Given density operators ρ ∈ D and ρ ∈ D , there exists a stabilizer-preserving quantum channel E such that E(ρ) = ρ if and only if for all density operators σ ∈ D , probabilities p v,a,u and t 0 we have
Proof: The necessary and sufficient conversion conditions were casted in (28) . Notice that these conditions remain unchanged if we divide the left hand side by an arbitrarily large positive number. Therefore, we can assume
where σ is a density operator. After making this substitution into (28), diving both sides by t(d + 1) + 1 and re-arranging it so that all the terms of the form I ⊗ . . . are grouped to the left-hand side of the inequality, we obtain
where Ω ρ is defined in (19) and
for all tracelessX ∈ H, σ ∈ D , probabilities p a,u and t 0. This is equivalent to
for all density operators σ ∈ D and t 0.
Theorem 2: Given density operators ρ ∈ D and ρ ∈ D , if for all density operators σ ∈ D and t 0 it holds that M σ,t (ρ) M σ,t (ρ ), then there exists a stabilizer-preserving quantum channel E such that E(ρ) = ρ .
Proof:
We begin by noticing that the identity channel is a free channel, and therefore we know that ρ can be converted to ρ . Then using lemma (2) and the optimal set of probabilitiesp v,a,u , for all density operators σ ∈ D and t 0 we can write
and hence there exists a free channel which converts ρ to ρ .
The following corollary is the result of combining theorems (1) and (2).
Corollary: Given density operators ρ ∈ D and ρ ∈ D , the following statements are equivalent:
1. There exists a stabilizer-preserving quantum channel E such that E(ρ) = ρ 2. For all density operators σ ∈ D and t 0 we have
To summarize, we have found a complete set of magic monotones which can be used to determine the singleshot convertibility between two states.
VI. CONCLUSIONS
In this paper, we answered the question: Given two magic states ρ and ρ , is there an SPO that can convert ρ to ρ ? We casted this question as a SDP feasibility problem and we employed a variant of Farkas' Lemma to find the necessary and sufficient conditions for the existence of such an operation. Then, we provided a set magic monotones which we proved to be complete. In other words, the answer to the single-shot question is positive in our case if and only if the density matrix ρ ∈ D is more resourceful than (or at least as resourceful as) the density matrix ρ ∈ D according to all the magic monotones (20) . Note that we answered this question for the exact conversion of a resource state to another resource state. As a future line of research, the possibility of approximate conversion of a magic state to another using SPOs is a natural next step.
The usefulness of the tools developed here may extend beyond the study of magic states. As a future line of research, it would be interesting to see if the methods applied in this paper (such as SDP and Farkas' Lemma) to the resource theory of magic can be applied to the more general case of convex resource theories.
Another possible direction for future work is to extend our results to the case of infinite-dimensional systems, namely the resource theory of non-Gaussianity. It is known that stabilizer states are the discrete analogues of Gaussian states [34] and that non-Gaussianity is a resource for tasks such as distillation of Gaussian entanglement, violation of continuous-variable Bell inequalities and continuous-variable quantum computation [39] . However, it is still unknown what can be achieved using Gaussian operations given that one has access to a non-Gaussian state. matrices ρ and ρ amongst them such that ρ has a higher sum negativity in comparison to ρ. This means that the state ρ cannot be converted to ρ using the stabilizer operations defined in [11] . Then, using the CVX package for Matlab [40] (a package for specifying and solving convex programs), we checked whether there exists an SPO with the Choi matrix J which satisfies conditions (25) .
As an example for the qubit case, consider the following density matrices: The sum-negativities of these two states are 0 and 0.063 respectively, while there exists an SPO that converts ρ to ρ , whose Choi matrix has the real part corresponds to an SPO that converts ρ to ρ .
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